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Abstract
The article discusses the discretization of linear inverse problems. When an inverse problem is formulated in terms of inﬁnite-
dimensional function spaces and then discretized for computational purposes, a discretization error appears. Since inverse problems
are typically ill-posed, neglecting this error may have serious consequences to the quality of the reconstruction. The Bayesian
paradigm provides tools to estimate the statistics of the discretization error that is made part of the measurement and modelling
errors of the estimation problem. This approach also provides tools to reduce the dimensionality of inverse problems in a controlled
manner. The ideas are demonstrated with a computed example.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
In this article, we consider inverse problems from the point of view of Bayesian statistics. In this paradigm, the
traditional deterministic formulation of an inverse problem is replaced by a statistical quest of inference. For the sake
of deﬁniteness and simplicity, the discussion here is restricted to linear inverse problems with additive noise,
y = Ax + e, (1)
where the left side y is the measured data, x is the unknown of interest, A is a presumably known linear operator and,
ﬁnally, e represents the unknown additive noise. Although the discussion is limited to this simple model, the general
ideas carry over to more complicated problems, as will be brieﬂy explained later in this article.
The particular issues of interest in this article aremainly related to discretization. Suppose that x represents an element
in an inﬁnite-dimensional space, e.g., a Hilbert space. To treat the problem (1) numerically, we need to represent x by
means of ﬁnitely many degrees of freedom. Here, the ﬁnite-dimensional approximations of the model (1) are called
discretizations. We shall study, by means of statistical analysis, the effects of discretizations to the solution of the
inverse problem.
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A closely related problem is the model reduction. Often, a reliable numerical approximation of the forward problem
x → Ax requires a discretization with a high number of degrees of freedom. On the other hand, solving the inverse
problem, i.e., estimating x from the noisy data y plus possible complementary information, with such a high number of
variables may be prohibitively computer intensive. Thus, it is desirable to base the inverse solver on a coarser model.
Since inverse problems are typically ill-posed and therefore sensitive to errors, whether originating from data collection
systems or from modelling, the discrepancy between the forward and inverse models may have a dramatic effect on the
quality of the solution. We propose here a model reduction strategy that models the statistics of the discrepancy and
hence is able to reduce the misinterpretations due to model reduction.
The third issue to be discussed here is also related to the discrepancy between the coarse inverse model and the ﬁne
forward model. A relatively common strategy to test inverse solvers’ performance is to generate simulated noisy data
with the same model that the inverse solver is based on. In some cases, this strategy that ignores the discretization
errors leads to excessively optimistic expectations about the performance of the method.When this happens, the testing
strategy is sometimes called an inverse crime. We address this issue in the light of statistical error modelling with a
numerical example.
Much of the material in this article is based on the book [3] where further results and ideas can be found.
2. The setting
In this section, we present the basic tools needed for the statistical analysis of discretization effects. These include
the fundamentals of Bayesian inversion and some results concerning inﬁnite-dimensional random variables.
2.1. Statistical inversion
Consider Eq. (1). We assume that we have ﬁnite amount of data, i.e., y ∈ Rm. To deﬁne the basic setting of the
statistical approach, assume ﬁrst that x ∈ Rn and A ∈ Rm×n. We remark that it is possible to develop a satisfactory
Bayesian inversion theory directly in inﬁnite-dimensional function space setting. The probability densities are then
deﬁned via their ﬁnite-dimensional projections; see, e.g., [7,6].
In theBayesian framework, wemodel the variables x, y and e as randomvariables. The interpretation of thismodelling
is that the information concerning their values is incomplete; rather, our information—or lack of it—is expressed by
their distribution as random variables.
Assume that the probability distributions are absolutely continuous with respect to the Lebesgue measure, i.e., the
probability distributions can be written in terms of probability densities that are measureable functions. By using
the relatively standard notational conventions, the joint probability density of x and y can be written in terms of the
conditional densities as
(x, y) = (x|y)(y) = (y|x)(x),
leading to the well-known Bayes formula,
(x|y) = (y|x)(x)
(y)
. (2)
In (2), (x) is the prior probability density, expressing our information of x prior to measurement of y; the conditional
density (y|x) is the likelihood density, expressing the probability density of the observation y if x were known. The
left-hand side, (x|y) is the posterior density, i.e., the probability density of x given the prior information and the
measured value of y. In the statistical inversion theory, it is usually considered as the solution of the inverse problem.
Finally, the denominator (y) is just a norming constant and has often little importance. For further discussion, we
refer to the book [3].
2.2. Discretization
Let H be a separable Hilbert space. We assume that the unknown x is an H-valued vector. To study the discretization,
we assume thatH has amultiresolution structure. Let {Vn|n ∈ N} be a family ofmultiresolution subspaces characterized
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by the following properties:
(1) Each Vn ⊂ H is a ﬁnite-dimensional subspace.
(2) The spaces are nested, i.e., Vn ⊂ Vn+1.
(3) The spaces are exhaustive, i.e.,
∞⋃
n=0
Vn = H .
Assume that
Vn = sp{nj |1jdn = dim(Vn)},
where the elements {nj |1jdn} are orthonormal. We deﬁne the family of discretization operators,
H → Rdn, x → xn =
⎡
⎢⎢⎣
〈x,n1〉〈x,n2〉
...
〈x,ndn〉
⎤
⎥⎥⎦= (n)Tx.
The discrete approximation of x on the discretization level n is
x˜n =
dn∑
j=1
〈x,nj 〉nj = nxn ∈ Vn. (3)
Hence, we have the projection,
Pn : H → Vn, x → n(n)Tx.
We deﬁne also projections between different discretization levels by setting
Pnk : Rdk → Rdn, xk → (n)Tkxk .
Clearly, Pnn = I , the identity matrix.
An example of multiresolution spaces will be given later in this article. The multiresolution spaces play a central
role in the wavelet analysis, see, e.g., [8].
2.3. Hilbert-space valued random variables
In general, the forward model x → Ax is not given in a discretized form. We assume here that x ∈ H , H being a
separable Hilbert space, and A : H → Rm is continuous. For the purposes of the statistical interpretation, let x be an
H-valued random variable.
Assume that x has ﬁnite ﬁrst and second moments, i.e., there is an element x∗ ∈ H and a linear trace class mapping
 : H → H such that for all ,  ∈ H ,
E{〈x,〉} = 〈x∗,〉,
E{〈x − x∗,〉〈x − x∗,〉} = 〈,〉.
The vector x∗ and the operator  are called the mean and covariance of x, respectively. We write = cov(x).
Consider a discretization xn of x. It is an Rdn -valued random variable. The mean and the covariance of this random
variable are
E{xn} = xn∗ ∈ Rdn, (xn∗ )j = 〈x∗,nj 〉,
E{(xn − xn∗ )(xn − xn∗ )T} = n ∈ Rdn×dn, nij = 〈ni ,nj 〉, (4)
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or concisely,
xn∗ = (n)Tx∗, n = (n)Tn.
The H-valued random variable x is said to be Gaussian, if for any discretization level n, the variable xn is Gaussian,
i.e., we have
E{exp(−iT(xn − xn∗ ))} = exp(− 12Tn),  ∈ Rdn .
In particular, if the matrix n is invertible, it follows that the probability density of xn is
(xn) =
(
1
(2)dn det(n)
)1/2
exp
(
−1
2
(xn − xn∗ )T(n)−1(xn − xn∗ )
)
.
The theory of Gaussian randomvariables inHilbert spaces is well understood.We refer to the book [10] for discussion
of this topic.
3. Discretized Bayesian model
Having introduced the basic concepts in the previous section, we are ready now to put the pieces together and develop
a discretized Bayesian model for Eq. (1).
Consider the discrete approximation (3) of x. We have
Ax˜n = Anxn = Anxn, An = An ∈ Rm×dn .
We start by writing a simple identity. If (1) holds, we have
y = Anxn + (Ax − Anxn) + e. (5)
The term
wn = wn(x) = Ax − Anxn = A(I − Pn)x (6)
is the discretization error. When a discrete model for (1) is set up, this term is usually neglected, and the analysis is
started directly with a model
y = Anxn + e. (7)
In the classical approach to inverse problems, the effect of the discretization error is difﬁcult to analyze as it depends on
the unknown x. The catch in the Bayesian approach is that while the discretization error is still unknown, its statistics
is not. Hence, rather than neglecting it, we are able to include it as a part of the statistical model.
To understand the effect of the discretization error on the solution of the inverse problem, let us consider a simple
but still useful case, where x and e are Gaussian and independent. Without loss of generality, we may assume that both
x and e have zero mean. The covariances are denoted as
cov(x) = x : H → H, cov(e) = e ∈ Rm×m.
The objective is to estimate xn ∈ Rdn based on observed y ∈ Rm.
Let us consider ﬁrst the simple discrete model (7) ignoring the discretization error. The joint probability distribution
of xn and y is Gaussian and zero mean. Let us denote by nx ∈ Rdn×dn the discretized covariance matrix (4) of xn. The
model (7) and the assumed independency of x and e imply that
E{xnyT} = E{xn(xn)T}(An)T = nx(An)T,
and
E{yyT} = AnE{xn(xn)T}(An)T + E{eeT} = Annx(An)T + e.
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Thus, the joint covariance matrix is in this case is
E
{[
xn
y
]
[(xn)T yT]
}
=
[
nx 
n
x(A
n)T
Annx An
n
x(A
n)T + e
]
.
The maximum a posteriori solution based on the simpliﬁed model (7) is then
xns = nx(An)T(Annx(An)T + e)−1y, (8)
see [3] for the derivation. We also remind that if nx and e are invertible, the above solution assumes an equivalent
form,
xns = ((An)T(nx)−1An + −1e )−1(An)Ty. (9)
The previous formula corresponds to the classicalWiener ﬁltered solution,while the latter one is theTikhonov regularized
solution.
The solution above was based on ignoring the discretization error. A corrected version that we call the enhanced
error model is obtained by assuming that the discretization error is non-zero but independent of x. This assumption is
tantamount to adding the covariance of wn to the noise covariance. We have
nw = E{wn(wn)T} = A(I − Pn)x(I − Pn)TAT ∈ Rm×m. (10)
By replacing e by e + nw in formulas (8) or (9) leads to an estimator
xne = nx(An)T(Annx(An)T + e + nw)−1y
= ((An)T(nx)−1An + (e + nw)−1)−1(An)Ty, (11)
the latter form, of course, assuming that the covariances are invertible.
Finally, let us consider the complete error model (5) in which the discretization error is modelled correctly. We have
E{xnyT} = E{xnxT}AT = (n)TxAT ∈ Rdn×m
and
E{yyT} = AE{xxT}AT + E{eeT} = AxAT + e ∈ Rm×m.
Hence, the joint covariance matrix of xn and y, under this model, is
E
{[
xn
y
]
[(xn)T yT]
}
=
[
nx (
n)TxAT
Axn AxAT + e
]
.
The maximum a posteriori estimator based on this covariance model is found to be
xnc = (n)TxAT(AxAT + e)−1y. (12)
In the following sections we shall discuss the performance of the various error models and the computational issues
related to them.
4. Setting up the prior covariance
The Bayes formula (2) contains two factors in the numerator, the prior and the likelihood. The ﬁrst question that
we consider here is how the discretization and in particular, a model reduction, affects the prior density and how the
prior should be set up. We consider here two examples. In the ﬁrst one, the prior density is set up directly in the
underlying Hilbert space and then discretized, in the second one we deﬁne a hierarchy of discrete prior densities in the
multiresolution spaces.
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Let H = L2([0, 1]). To deﬁne the multiresolution spaces, we deﬁne
(t) =
{
1 if 0 t < 1,
0 if t < 0 or t1.
Deﬁne V n, 0n<∞, as a subspace of piecewise constant functions,
V n = span{nk |1k2n},
where
nk(t) = 2n/2(2nt − k − 1).
Hence, dn = dim(Vn) = 2n.
Assume that our prior knowledge of the unknown x ∈ H is that (i) t → x(t) is smooth, and (ii) x contains details of
a given size ∼ < 1. The parameter  is called the correlation length. To set up a prior density with these properties,
we write a stochastic model for x,
x(t) = Kw(t), K :  →
∫ ∞
−∞
k(t − s)(s) ds, 0 t1, (13)
where k is a smooth kernel of width ∼  and w is Gaussian white-noise process on R. Since the white-noise process
is distribution valued (see [2]), the convolution product above needs to be interpreted in the distributional sense.
The covariance operator of the white noise is, by deﬁnition, the identity operator, so we can solve the covariance
of x,
E{〈x,〉〈x,〉} = E{〈w,KT 〉〈w,KT 〉}
= 〈,KKT 〉. (14)
As an example, assume that k is a Gaussian kernel with variance 2. The parameter  will be adjusted to match with
the correlation length : the integral kernel 	(t − t ′) of the operator KKT is
	(t − t ′) =
∫ ∞
−∞
k(t − s)k(t ′ − s) ds
= 1
22
∫ ∞
−∞
exp
(
− 1
22
((t − s)2 + (t ′ − s)2)
)
ds
=
(
1
42
)1/2
exp
(
− 1
42
(t − t ′)2
)
.
We can calculate the discretized covariance matrix nx on any discretization level by the formula
nij =
∫ 1
0
∫ 1
0
ni (t)	(t − t ′)nj (t ′) dt dt ′,
and the resulting prior densities at each discretization level are consistent with each other. To ﬁx the parameter ,
consider the correlation of two point values of x. By choosing the test functions  and  as approximations of the Dirac
distributions at t and t ′, respectively, and passing to the limit, we ﬁnd that
E{x(t)x(t ′)} = 	(t − t ′).
We require that when |t − t ′| = , then 	(t − t ′) = 	(0)/10, leading to the relation = /2√log 10 ≈ /3. The choice
of the factor 10 here is somewhat arbitrary.
To understand the meaning of this prior, we calculate random draws from this prior at different discretization levels.
To this end, let us calculate the projection matrices for passing to one level to another. It is not hard to see that in this
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Fig. 1. Six random draws from the density corresponding to the stochastic model (13). The images show also the projections x˜n = nxn with
decreasing n.
model case, the projector Pn−1,n : xn → xn−1 is given by
Pn−1,n = In−1 ⊗ 12 = 1√
2
⎡
⎢⎢⎣
1 1 0 0 . . . 0 0
0 0 1 1 . . . 0 0
...
...
0 0 0 0 . . . 1 1
⎤
⎥⎥⎦ ∈ Rdn−1×dn ,
where In−1 ∈ Rdn−1×dn−1 is the unit matrix, 12 = [1 1] and ⊗ is the Kronecker product. Recursively, for k > 1,
Pn−k,n = Pn−k,n−k+1 · · ·Pn−1,n = 1
2k/2
In−k ⊗ 12k ,
with obvious notations.
The consistency of the prior model means that the passage from ﬁner to coarser level (N → n, n<N), is done by
projections,
n = Pn,NN(P n,N)T.
In Fig. 1, we have plotted six random draws of the functions x˜n = nxn from the prior density constructed above. In
this example, we have = 0.05, i.e., the correlation length is  ≈ 0.15. The discretization levels correspond to indices
n=4, 5, . . . , 9. In practice, we treat the ﬁnest model n=9 as the continuous case and generate the white-noise process
in this grid.
The consistency of the discrete priors is seen in the fact that on each discretization level, the random draws consist
of details of the size ∼ . Naturally, if we pass further into coarser models in which the length of the discretization
interval 1/2n becomes larger than the correlation length, the model loses its capacity to represent the ﬁnest details.
Evidently, such discretizations should be avoided. Also, we expect that when the discretization interval approaches the
correlation length, the modelling error takes over and becomes the predominant source of error in the inverse solutions.
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In the previous example, the prior was written directly on the Hilbert space level. In some cases, a continuous model
is not available, but rather a hierarchy of discrete densities is sought for. As a ﬁrst observation, note that the expectation
of the norm of the discretization error (6) must go to zero as the discretization level increases. Indeed, assuming that
the discretized prior models arise from an underlying Gaussian Hilbert space distribution, we have
E{‖wn‖2}‖A‖2E{‖(I − Pn)x‖2}
= ‖A‖2Tr (E{(I − Pn)xxT(I − Pn)T})
= ‖A‖2Tr ((I − Pn)x(1 − Pn)T) −→ 0,
as n → ∞, since the operator x is in the trace class and the family {Vn} is exhaustive. Since we are here interested
in numerical applications rather than the theoretical construction, we may argue that the discretization error can be
neglected in practice if the discretization is ﬁne enough. We shall not discuss the question whether the discrete models
converge to a Hilbert space model as the discretization becomes ﬁner. Rather, the existence of the underlying Hilbert
space process is taken here as granted. Thus, we assume that when nN for some N > 0, wn = 0 up to computing
precision. In practice, we write H = V N and treat this discrete model as a reference model.
After this remark, we shall consider a concrete and widely used example in the light of model reduction.
Let H = L2([0, 1]) with the same multiresolution structure as before. Let N be large. In this example, let us deﬁne
a second order smoothness prior,
(xN) ∝ exp(− 12
‖LNxN‖2) = exp(− 12 (xN)T[
(LN)TLN ]xN),
where 
> 0 and LN ∈ RdN×dN is the ﬁnite difference matrix
LN = 22N
⎡
⎢⎢⎢⎢⎢⎣
−2 1 0 . . . 0
1 −2 1
0 1 −2 ...
...
. . . 1
0 ... 1 −2
⎤
⎥⎥⎥⎥⎥⎦ ∈ R
dN×dN
.
The matrix LN is invertible and the prior covariance in this case is
N = [
(LN)TLN ]−1. (15)
Having set up the reference prior density, assume that, e.g., for computational reasons, we need to reduce the model
and pass to a coarser representation of the unknown.
What is the prior density at the level n, n<N? It is not hard to verify that
Ln = 22n
⎡
⎢⎢⎢⎢⎢⎣
−2 1 0 . . . 0
1 −2 1
0 1 −2 ...
...
. . . 1
0 ... 1 −2
⎤
⎥⎥⎥⎥⎥⎦= P
n,NLN(P n,N)T ∈ Rdn×dn .
Therefore, one might be tempted to write a smoothness prior
˜pr(x
n) ∝ exp(− 12
‖Lnxn‖2) = exp(− 12 (xn)T[
(Ln)TLn]xn). (16)
This may or may not work in practice. However, it is deﬁnitely inconsistent with the choice of (xN), which can be
seen by comparing the covariance matrices. If we require that xn = Pn,NxN , we should have
n = E{xn(xn)T} = Pn,NN(P n,N)T.
But
̂
n = [
(Ln)TLn]−1 = Pn,N [
(LN)TLN ]−1(P n,N )T,
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Fig. 2. Left: autocovariances of x˜N (tN
j
)= 2N/2xN
j
, N = 9, 1jdN = 512 (solid line) and x˜n
j
(tn
j
)= 2n/2xn
j
, n= 4 at tn
j
, 1jdn = 16 (dots).
Right: the matrix ratio (18) of the correct and incorrect covariance matrices.
as one can easily verify. Onemay ask, what practical consequences such inconsistency brings. The answer is immediate:
the correlation structure is altered. To understand that, consider the pointwise correlations
E{˜xn(tnj )˜xn(tnk )} = 2nnjk, 2n(i − 1)< tni < 2ni. (17)
In Fig. 2 we have plotted the autocovariances (17), i.e., j =k, with n=N =9 and n=4. The discretization points tnj for
both models are the midpoints of the discretization intervals. The plot shows clearly the consistency of the models. We
also see that the choice of the prior assumes that the functions go to zero at the interval endpoints. This is a consequence
of the implicit boundary condition in the deﬁnition of the matrix LN . How to avoid this boundary effect, see [1].
For comparison, we calculate the componentwise matrix ratio
rnjk =
njk
̂
n
jk
, 1j, kdn, (18)
Fig. 2 shows thismatrix as a surface plot. The plot shows that the variances are few decades off, and the cross correlations
and the autocorrelations scale with different constants. In practice, this means that if we insist on using ̂n instead
of n as the covariance, on each reduction level we have to readjust the parameter 
 in order that the variances be
comparable. Such adjustments may be computationally costly, and the outcome does not respect fully the originally
deﬁned correlation structure, due to the fact that the componentwise ratio (18) is not constant.
5. A computed example of error models
In this section,we demonstratewith a computed example the effect of discretization errors.We compare themaximum
a posteriori estimates (8), (11) and (12) based on the simple discretization, enhanced error model and the complete
error model, respectively.
To specify the inverse problem, consider a linear model (1), where A is a convolution operator
A : H → Rm, x →
∫ 1
0
a(tj − s)x(s) ds,
where the convolution kernel is an exponential,
a(t) = exp (−|t |) , = 20.
and the data points are
tj = 12m +
j − 1
m
, 1jm = 64,
i.e., the centerpoints of the discretization intervals of the level n = 5. The noise is Gaussian white noise with standard
deviation  equal to 1% of the maximum of the noiseless signal.
The prior density is chosen as in the ﬁrst example of the previous section, i.e., the stochastic model is (13) with the
Gaussian kernel k. As the true signal, we choose the ﬁrst random draw shown in Fig. 1.
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Fig. 3. The projected function x̂ n (solid line) and the estimated function values with various error models at the midpoints of the discretization
intervals. The solid dots are computed with the complete error model, the bold circles correspond to the enhanced error model, the thin circles the
simple model.
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Fig. 4. The covariance matrix nw of the discretization error, n = 4. The diagonal has 2n = 16 minima, corresponding to the midpoints of the 16
discretization intervals.
To get an idea of the performance of the estimators, we compare them to the theoretically best possible solution, that
is, the projection of the true solution to the subspace Vn. In Fig. 3 we have plotted the projected piecewise constant
function x̂ n,n=4 and the reconstructed valuesnxns ,nxne andnxnc , respectively, at themidpoints of the discretization
intervals. Clearly, the complete error model outperforms the other two.
To get a more complete picture, we have also plotted the covariance matrix nw (10) on this discretization level, see
Fig. 4. For comparison, the 1% additive error model has standard deviation = 0.0036. The plot shows that not only
is the discretization error level signiﬁcantly higher than the additive noise, but it has a correlation structure that is not
easy to guess by looking at its deﬁnition.
To further investigate the performances of the various estimators, consider any linear zero mean estimator on the
discretization level n,
x̂ n = T ny = T n(Ax + e).
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Fig. 5. Relative mean square errors. The topmost solid curve is the simple model, the middle solid curve the enchanced error model and the lowest
solid curve is the complete model. The dashed curve corresponds to the unrealistic inverse crime procedure.
The operator T n stands for any linear estimator. The relative mean square error of this estimator is deﬁned here as
RMSE(̂x n) = E{‖x̂
n − xn‖2}
E{‖xn‖2} .
In terms of the covariance matrices, the numerator gives
E{‖x̂ n − xn‖2} = E{‖(P n − T nA)x‖2} + E{‖T ne‖2}
= Tr{(P n − T nA)x(P n − T nA)T + T ne(T n)T}.
Hence, we get
RMSE(̂x n) = Tr{(P
n − T nA)x(P n − T nA)T + T ne(T n)T}
Tr(x)
.
In Fig. 5 we have plotted the estimation errors for the estimators x̂ n = xns , x̂ n = xne and x̂ n = xnc , respectively, with
different discretization levels. The corresponding operators corresponding to these models are
T n = nx(An)T(Annx(An)T + e)−1 (19)
for the simple model,
T n = nx(An)T(Annx(An)T + e + nw)−1
for the enhanced model, and
T n = (n)TxAT(AxAT + e)−1
for the complete model.
Before commenting the results, we include also a fourthmodelling error curve that corresponds to the so called inverse
crime. By inverse crime, it is usually meant the procedure of ﬁrst simplifying the model, developing an estimator based
on this model and then testing it against data produced with the same simpliﬁed model. In the present case, a version
of such a procedure would be to write the simple model
y = Anxn + e, xn ∼N(0,n), e ∼N(0,e),
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and use (19) as a linear estimator. Believing that the above model is the whole truth of y, the mean square error in this
case would be
E{‖T ny − xn‖2} = Tr{(I − T nAn)n(I − T nAn)T + T ne(T n)T}.
The relative mean square error is plotted also in Fig. 5.
The ﬁgure shows that at all levels of discretization,
RMSE(xnc )RMSE(xne )RMSE(xns ),
the complete model being the only one that is consistently keeping the discretization error under control. The inverse
crime curve shows how badly the expectations concerning the performance can be wrong compared to the reality.
Finally, notice the rather peculiar feature that the relative errors start to decrease at n = 5. The reason for this is that
when the length of the discretization intervals grow approaching the correlation length, the reduced models start to
loose their capacity to capture the ﬁne details of the signal (see Fig. 1), and the projected vector xn starts to average out
the details. Hence, as n decreases, we are estimating a vector with very small variations, and the relative mean square
errors of the enchanced error model and the complete model start to decrease.
6. Discussion
This article discusses the effect of discretization errors in inverse problems by using the statistical approach. With a
simple one-dimensional example, it is demonstrated that the statisticalmethod gives tools to control the errors evenwhen
the discretization of the problem is rather coarse. The discretization error control is crucial when solving large-scale
inverse problems in which the computational cost without a signiﬁcant model reduction is too high.
There are several extensions of this work that deserve a comment. First, we discussed only linear models with
additive noise, and moreover, the Gaussian prior and likelihood densities. When these assumptions are not valid, the
discretization error is no longer Gaussian and consequently, it is in general not enough to characterize only the mean
and the covariance. However, a Gaussian approximation of the modelling error is often useful. In the case of non-
linear inverse problems, the estimation of the mean and the covariance require Monte Carlo techniques. Preliminary
results concerning the discretization of the non-linear inverse problem of electrical impedance tomography have been
published in the book [3], and further results will be presented elsewhere. For a related work concerning discretization
of non-Gaussian priors, see the article [5], where the authors develop the theory for total variation priors. The article
discusses also the non-trivial question that was not addressed in the present article: If we have a hierarchy of ﬁnite-
dimensional prior densities, can we assume that they converge in some sense towards an inﬁnite-dimensional density?
The existence of underlying inﬁnite-dimensional densities have been discussed in the dissertations [4,9]. Furthermore,
the problem of designing efﬁcient solvers for the various error models for large problems will be discussed elsewhere.
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